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Northfield
‘client login’

Nexus 
‘online app’

Optimizer 
‘part of
Investment
suite’
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Presentation Overview
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Marginal Utility Presentation

Derive MU 
mathematically

•Partial 
Derivatives

•Utility

Interpret MU in 
framework of 

Portfolio 
Construction

•Variance
•RAP
•Alpha

Worked Example 
using MU in 

Advanced (Pairwise 
Trading) Function

WHY MU?
…because 

“Having a better 
understanding of 
Marginal Utility 
gives insight into 
how the optimizer 
constructs a 
portfolio. 
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Deriving Marginal Utility

Marginal Utility (by definition)  is the partial derivative of utility with respect to an asset’s 
weight. 
Let’s break this down.
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Derive MU 
mathematically

•Partial Derivatives
•Utility
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Deriving Marginal Utility – Partial Derivatives I

Derivatives;
• are used to measure the change in a function with the 

change of an independent variable. 
• This is calculated & shown in the slope of the tangent line at 

any given point.
• The function is minimized or maximized, at a point of 

inflection (i.e. where the slope of the tangent to the line 
changes from one direction to another). 
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Note: At the point of 
inflection, the  
derivative of the 
function (shown in the 
slope of the tangent) 
will be equal to 0.

Derive MU 
mathematically

•Partial Derivatives
•Utility
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Deriving Marginal Utility – Partial Derivatives II

• See Kritzman Chapter 20 page 160, 
Consider the quadratic function: y = x^2 -4x +10 

• See obvious Extreme minimum point in the graph below.              
We can confirm our intuition of the extreme point by taking the 
derivative of the function: y’ = 2x - 4 

• Then setting the derivative equal to 0: 0 =  2x - 4  
• Solving for x, we find x = 2   
• This is what we inferred intuitively from the graph!
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Derivatives;
are used to measure the 
change in a function with the 
change of an independent 
variable. 

This is calculated & shown in 
the slope of the tangent line at 
any given point.

The function is minimized or 
maximized, at a point of 
inflection

At the point of inflection, the  
derivative of the function 
(shown in the slope of the 
tangent) will be equal to 0.

•Partial Derivatives
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Deriving Marginal Utility – Partial Derivatives III

Example solving for x;
• y = x2 – 4x +10 
• y’ = 2x – 4
• 0 = 2x – 4 
• x = 2   
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• Partial 
Derivatives

Derivatives;
are used to measure the 
change in a function with 
the change of an 
independent variable. 

This is calculated & shown 
in the slope of the tangent 
line at any given point.

The function is minimized 
or maximized, at a point of 
inflection

At the point of inflection, 
the  derivative of the 
function (shown in the 
slope of the tangent) will 
be equal to 0.

Extreme points however are not always as obvious as our 
example below and for an optimization there are multiple 
unknown optimal weights which must be solved for a list of 
assets. In this case a Partial Derivative is used to determine 
the derivative of a function. 
Partial Derivatives allow us to determine a solution for a 
function with more than one unknown variable, by solving 
for one unknown at a time holding all others constant. 
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Deriving Marginal Utility – Utility I

• Utility measures the attractiveness of an asset and 
can be represented by a quadratic utility function. 

• For this discussion we consider a simple long only, 
unconstrained utility function with no transaction costs. 
(We will revisit transaction costs later). 

• Portflolio Utility given by:

U = α − 1
𝑅𝑅𝑅𝑅𝑅𝑅

𝜎𝜎2

• The Northfield optimizer’s objective is to ‘maximize 
this utility function’.

Max (Utility) = Max U 
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Derive MU 
mathematically

•Partial Derivatives
•Utility
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Deriving Marginal Utility – Utility II

Calculating the partial derivative of the components of the utility 
function determines the Marginal Utility for any particular asset. 
Our simplified utility function incorporates alpha and variance thus:

MU = ∂U/∂wi

= ∂α/∂wi - ∂σ2/∂wi
Where: 
Marginal Alpha (MA) = ∂α/∂wi

= α 
Marginal Variance/RAP (MV/RAP)

= ∂σ2/∂wi = 2 * σ2 * wi * (1/RAP)
Note: MV/RAP is used to denote the difference between the traditional definition of Marginal 
Variance (MV) in the Optimizer and MV used in the Marginal Utility calculation which is divided 
by RAP. 

For a full mathematical formulation of the terms that encompass 
Marginal Utility please see Open Optimizer Report Descriptions 
referenced in final slide.
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•Utility
Utility measures the 
attractiveness of an asset and can 
be represented by a quadratic 
utility function. 

For this discussion we consider a 
simple long only, unconstrained 
utility function with no transaction 
costs. (We will revisit transaction 
costs later). 

Portflolio Utility given by:

U = α − 1
𝑅𝑅𝑅𝑅𝑅𝑅

𝜎𝜎2

The Northfield optimizer’s 
objective is to ‘maximize this 
utility function’.

Max (Utility) = Max U 
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How do we use the mathematical derivation of Marginal Utility to obtain the optimal 
portfolio weights? 

We compare the impact on utility of small 
changes to an asset’s weight to move the asset in the direction of increasing utility.

We can graphically demonstrate the steps of the weight changes and impact on utility. 
Trades continue until changes in weight no longer increase utility. This is the optimal 

position. 

Interpreting Marginal Utility ?

Slide 13
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Assume we know in advance an 
asset’s optimal weight is wO.

This corresponds to the point where 
the asset Marginal Utility is 
optimal i.e.MU = MUO. 

This is indicated at point O in the 
graph.

Further assume this asset’s weight is 
currently at wA with a 
corresponding MUA .
Note: MUA is calculated & shown 
in the slope of the tangent line at  
point A

Interpreting Marginal Utility I

Slide 14

Currently MUA > MUO, meaning 
that as wA increases the portfolio utility 
increases.

wOwA
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We decide to make two equal trades 
of   w1 = w2 = 0.5 x (wO - wA). 

Making the first trade, w1, from point 
A to point B with corresponding 
weight wB increases the 
portfolio’s 
utility along the curve. 

Point B is still below the optimal 
weight so there is still room for 
improvement thus 
MUB > MUO. 

Interpreting Marginal Utility II
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Although the two trades are equally weighted 
MUA > MUB because as the asset weight moves 
closer to the optimal position, the increases to 
utility decreases. 

Increasing the asset’s weight is preferred until 
MUB = MUO. 

wOwA wB
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If the user decided to continue 
increasing the weight beyond the 
optimal point, to say point C, the 
asset begins to decrease the 
portfolio utility and 
MUC < MUO. 

At this point it is better off for the user 
to decrease the asset weight. 

No matter where the asset weight 
begins, above or below the 
optimal position…the relative 
Marginal Utility ranking 
leads the asset to the optimal 
weight

Interpreting Marginal Utility III
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In short;

Assets with higher relative Marginal Utility will be 
purchased while assets with lower relative 
Marginal Utility will be sold.

wO wC
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Example Portfolio Construction using MU I

Using the Optimizer’s Advanced (Pairwise 
Trading) feature we can demonstrate the 
impact of increasing utility by trading based 
on Marginal Utility. 
This feature allows the user to fine-tune the 
optimal portfolio, iteration by iteration for 
specific assets of the user’s choice. 

The example portfolio consists of three assets 
and is benchmarked against the S&P 500 with 
the Utility breakdown shown here.

Trades are based on the assets’ MU which is 
constructed from the individual components: 

MU = MA –MV/RAP 
For Example: Marathon Petroleum Co: 

MU = 5 – (-2.04/100) = 5.02
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Utility = 1 – (110.01/100) = -0.1
(RAP set to 100)

Portfolio Constituents
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Example Portfolio Construction using MU II

Due to the relative improvement in utility we 
choose to buy MPC simultaneously selling 
MTB in the first pairwise trade.

The optimizer calculates the optimal swap 
weight (37.5630%) between the trade 
candidates. We run a one-iteration pairwise 
trade, increasing utility to 0.93. 

Slide 18

Previously;

Now

Marginal Utility is recalculated at the new weights.
Notice that the MPC’s Marginal Utility has decreased 
from its previous value.
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Example Portfolio Construction using MU III
Due to the relative improvement in utility this 
time we choose to buy MPC while 
simultaneously selling MSFT.

Once again, the portfolio utility has improved.. 
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Portfolio Constituents Previously;

Portfolio Constituents Now;

If we were to continue making pairwise trades, at 
some point no one asset would contribute any 
additional utility. This is the optimal point. 
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To borrow a familiar analogy, 

if we can imagine ourselves blindfolded standing in a 
valley with an unclaimed winning lottery ticket to 
be found at the top of a hill or mountain,

with each step we attempt to move up feeling the 
difference in height from our current location, to 
our previous location, to our next step.

We take each step moving closer to our ultimate goal. 

Marginal Utility is the measure of positive slope that 
helps us move in the direction of increasing utility 
until it starts to plateau eventually becoming flat. 

At this point we are confident that we are at the peak 
and there is no more utility to be gained and only 
loss to be incurred if we continue optimizing 
further.

Presentation Conclusions – A Visual Analogy
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Revisiting transaction costs in MU 
In situations where transaction costs are included, 

the utility maximizing point is lower than the 
cost-free maximizing point. 

The maximizing point becomes a range between the 
highest achievable utility points, when 
increasing (MUBuy) or decreasing (MUSell) the 
asset weight,  once transaction costs are 
incurred. 

Presentation Conclusions – Revisiting TC in MU
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If w is below wL the asset is bought increasing MU to MUBuy. If w is above wU, the asset is sold until MU 
increases to the MUSell. 
If the asset weight w exists between wL and wU, no trading will occur as the cost is too prohibitively high 
for the increasingly smaller improvement to utility. 
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Presentation Conclusions – Final Recap
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Marginal Utility Presentation

Derive MU 
mathematically

•Partial 
Derivatives

•Utility

Interpret MU in 
framework of 

Portfolio 
Construction

•Variance
•RAP
•Alpha

Worked Example 
using MU in 

Advanced (Pairwise 
Trading) Function

WHY MU?
…because 

“Having a better 
understanding of 
Marginal Utility 
gives insight into 
how the optimizer 
constructs a 
portfolio. 
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Thanks

• Thanks to my colleague Mike Knezevich.  
(He wrote the tech tip on which this presentation is based.)

• Thanks for taking this journey to understand Marginal Utility!

• Thanks for your time & hope to see you in person at some point 
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