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Even trained statisticians often fail to appreciate the extent to which statistics arc vitiated by 1hc unrecorded
assumptions of their interpreters .... It is easy to prove that the wearing of tall hats and the carrying of umbrellas
enlarges the chest, prolongs life and confers comparative immunity from disease. A university degree. a daily
bath, the owning of thirty pairs of trousers. a knowledge of Wagner's music. a pew in church. an 31hing. in short
implies more means and better nurture can be statistically palmed off as a magic spell conferring all sorts of
privileges. The mathematician whose correlations would fill Newton with admiration. may. in collecting and
accepting data and drawing conclusions from them fall into quite crude errors by just such popular oYcrsights as I
have been describing.
George Bernard Shaw
The Doctor's Dilemma
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Risk management of financial portfolios is an exercise largely based on the concepts of Modern
Portfolio Theory. When we form "hedges", we are really forming portfolios whose expected
variance is close to zero. Mean-variance optimization using the classic Markowitz method is a
widely used technique. It has become the standard practice of the modern practitioner with
respect to asset allocation problems whether managing a traditional portfolio or hedging the risks
of a trading operation.
One of least understood aspects of the optimization process is that the inputs are interpreted as
being certain. In doing an optimization using the classic Markowitz method, the required inputs
to the optimizer are the means and standard deviations of the asset returns and the matrix of
correlations among the asset returns. These values are the parameters of the probability
distributions of the asset returns. Alternatively, one could represent the covariance matrix in the
form of a factor model. Given these values any Markowitz method software can calculate an
optimal portfolio.

The problem is that we do not know the required information, the parameters of the
probability distributions of the asset returns. We have only our estimates of the future ( and
therefore not precisely known) probability distributions of asset returns. In asset allocation
problems, practitioners typically create forecasts of future asset behaviors. In general, . these
forecasts are derived from some analysis of the past observations, which represent a sample of the
true probability distribution. We know two potential sources of forecast error. First, the
observed sample of past behavior may not be a· meaningful and accurate representation of the
population probability distribution (hence we have built our model on the wrong basic data).
Secondly, our forecasting method may be incomplete, allowing for potential errors in the forecast,
even if the observed sample parameters are a good proxy for the population parameters. It should

adjustments consistently outperformed those optimized in the conventional fashion. These results
were reported in "Improving Quantitative Models through Optimization", (Journal of
Investing 1994).
Through complex statistical analysis of the historical observed returns, adjustment factors are
derived which are applied to the expected returns, standard deviations and correlations of our
forecasts. In general, the expected returns converge toward the expected return of the minimum
variance portfolio. The dispersion values are increased and the non-diagonal correlation estimates
also converge slightly.
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One way to think of this problem is as follows : imagine an asset allocation problem which the
validity of our forecasts is zero . If there is no meaningful differences in the mean expected
behaviors of the assets, then each asset is equivalent to every other asset. We will end up with the
portfolio that minimizes portfolio risk. If our forecasts are perfect, we would get the conventional
Markowitz process result. The "truth" lies somewhere between these two extremes As one
would expect, optimal portfolios created with use of the Bayes-Stein estimator method are
generally more equally weighted than a comparable portfolio produced without the adjustments.
The differences in asset weights between the traditional optimal portfolio and the portfolios
produced with Bayes-Stein estimators are sometimes small and sometimes very substantial. For
asset classes, with long and stable histories of behavior, the differences are slight. For asset
classes with short or volatile histories such as emerging markets or exotic options, the "slide"
toward the minimum variance portfolio is dramatic. This is particularly important m a hedging
environment, and suggests that the most substantial errors occur on the more complex or exotic
assets.
The aiternative approach to dealing with estimation error is called the concept of the "fuzzy"
efficient frontier. This method was first put forward in an unpublished working paper of Bey,
Burgess and Cook (Measurement of Estimation Risk in Markowitz Portfolios, University of
Tulsa, presented at the Financial Management Association annual meeting in in 1990) A very
similar approach is described in "Portfolio Optimization in Practice" by ]orion (Financial
Analysts Journal , 1992). The first step in the method is to attempt to guantif)· the
potential estimation error in each of the inputs to the optimization problem. One approach to
quantifying the magnitudes of potential errors in estimate is to use resampling methods such as
"bootstrapping" on return and variance elements of historic asset (or factor) returns and
"jacknifing" on the elements of the correlation matrix among asset (or factor) returns .
We begin the actual optimization process by calculating a traditional efficient frontier and
selecting specific points along the frontier that correspond to specific values of the risk tolerance
coefficient (slope of a tangent drawn to the frontier). We next repeat the process of calculating
the efficient frontier 1000 times, each time randomly perturbing the input information by
magnitudes derived from the resampling or substituted processes. By observing the same points
along each frontier, we have 1001 points for each value of the risk tolerance coefficient that we
had selected along the original frontier. In essence, each known pomt along the efficient frontier
is now represented by a region consisting of 1001 related points (related by havmg tl1e same risk

be noted that while improved forecasting methods can somewhat mitigate the latter problem, the
former always remains.
Unfortunately, the traditional Markowitz algonthm has no mechanism by which to include this
second form of risk: the risk that we the users can simply be wrong about the input parameters.
In essence, all traditional optimizers used in the traditional way get the WRONG
ANSWER The risk is consistently understated because the computer system has no way to
understand that we the people supplying the inputs are subject to error. The algorithm believes
that if we wait long enough our forecasts of the distributions of future asset behaviors will be
proven exactly correct. This is a heroic and dangerous assumption which is too often overlooked.
Not only are risks persistently understated, another result of this presumption is a severe lack of
robustness in the purportedly optimal weights. This is manifested when very small changes in the
input forecasts cause substantial changes in the optimal asset weights. This instability can also
arise from the flawed presumption of certainty-equivalence of the inputs. While there was nothing
wrong in Markowitz's work, the translation from theory to practice has left much to be desired.
The estimation error issue is not new. In 1955, the general problem was described by Stein in
"Inadmissibility of the Usual Estimator for the Mean of a Multivariate Normal Distribution",
Proceedings
Statistics .
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In 1974, C.B. Barry wrote "Portfolio Analysis under Uncertain Means,
Variances and Covariances", which appeared in the Journal of Finance . In that same
year, a monograph called Estimation Risk and Optimal Portfolio Choice , was
published by Bawa, Brown and Klein. Although this problem was identified more than twenty
years ago, practitioners have still not adopted methods to correct this flaw in their analyses .

More recent papers in this area include "The Markowitz Optimization Enigma: Is 'Optimization'
Optimal?" by Michaud (Fin ancial Analysts Journal 1989), "The Effects of Errors in
Means, Variances and Covariances on Optimal Portfolio Choice", by Chopra and Ziemba
(Journal of Portfolio Management 1993).
There are two well explored methodologies for dealing with estimation risk. The first relies on
use of Bayesian statistical techniques. The second makes use of the methodology known as
bootstrapping to consider optimal asset weights not as precise values but probability distributions
in their own right.
The more computationally efficient way to deal with estimation risk is to revise the inputs to the
optimization so as to cause the Markowitz optimization algorithm to act as if the estimation risk
could be explicitly included in the traditional method (which it cannot) The most prominent work
on this process of adjustment was written by Phillippe Jorion.
This method is quite
mathematically complex and is described in "Bayes-Stein Estimation for Portfolio Analysis",
which was published in the Journal of Financial and Quantitative Analysis
in 1986.
Jorion previously began work in this direction with "International Portfolio
Diversification with Estimation Risk" which appeared in the Journal of Business in 1985.
Most recently, Bernstein and Tew found that equity portfolios formed using these Bayesian
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tolerance coefficient). We then calculate the Euclidean distance between each of the additional
1000 points and the original point. To establish a confidence interval, we then eliminate the 10%
of the 1000 points that are most distant from the original optimal portfolio. The remaining 900
points represent a region in mean-vanance space to which we are md1fferent. Given the formally
admitted uncertainty of the inputs. we are indifferent from a risk/return standpomt to holding any
portfolio that falls within the region . This indifference concept can be used w eliminate
unproductive transaction costs, as we can now determine when a rebalancing is really needed.
We can also calculate composition of a portfolio that falls at the density center of the region; the
portfolio composition least likely to be driven outside the region by estimation error in the inputs.
The empirical result of such work has been very intuitively appealing. In short, the "density
center" portfolios tend to be close to the original optimal portfolios but slightly biased toward
equal weighting of the assets. Consider a spectrum with traditional optimization at one extreme,
where all input information is considered certain. At the other extreme, all input information is
devoid of any meaningful predictive content. In the latter case, where no information is
meaningful, all assets are fungible and an equal weighted portfolio will result (or equal active
weighted relative to a benchmark) By formally introducing estimation error into the process, we
change the portfolio composition toward equal weighting. This density center portfolio will be
very similar to portfolio produced by the Bayes-Stein estimator methods described earlier. The
advantage of the fuzzy frontier approach is we can now look at the weighting of each asset as a
probability distribution in its own right.
Estimation risk is a very real problem for those having the responsibility for risk management of
financial portfolios. For certain assets, the estimation risks are actually larger than the intrinsic
risks of the assets. One such example, real estate properties is pointed out in "Why the Efficient
Frontier for Real Estate is Fuzzy" by Richard Gold, which appeared in the Journal of Re al
Estate Portfolio Management (1995).
Conventional implementations of the :MPT consistently underestimate the risks and result in
portfolio combinations which are not robust and that are typically too heavily concentrated in too
few assets. For cross-hedging trading risks, the problem is further magnified as the typical
number of assets is small, limiting the extent to which the Central Limit Theorem can be relied
upon to save us from ourselves.
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